Abstract. For any Banach space X, we show that levels of a warped cone O Γ Y are expanders with respect to X if and only if the induced Γ-representation on L 2 (Y ; X) has a spectral gap. This gives new examples of graphs that are expanders with respect to all Banach spaces of non-trivial type.
Introduction
The aim of this paper is to prove expansion with respect to large classes of Banach spaces for new families of graphs. The graphs are 1-skeleta of Rips complexes of a family of compact metric spaces (tY, d Γ ) t>0 , which originates in an action of a finitely generated group Γ on a compact metric space Y . Such families were introduced by J. Roe under the name of warped cones [19] and the idea of studying graphs approximating them comes from Vigolo [22] .
We prove that spectral gap of the action in the Bochner space L 2 (Y, µ; X) is equivalent to expansion of these graphs with respect to the Banach space X. Since expansion is a quasi-isometry invariant, the same can be said about any family of graphs quasi-isometric to the warped cone O Γ Y . Theorem 1. Let (Y, d, µ) be an Ahlfors-regular metric measure space with a Lipschitz action of a finitely generated group Γ and X be any Banach space.
Then, the action has a spectral gap in L 2 (Y, µ; X) if and only if the family (tY ) t>0 ⊆ O Γ Y is quasi-isometric to an expander with respect to X.
In particular, this provides a whole new class of examples of the strongest known expanders, namely expanders with respect to all Banach spaces of non-trivial type. Previously, expanders of this kind were always obtained as quotients of groupssee the seminal papers of Lafforgue [9, 10] and the generalisation of Liao [11] .
Corollary 2. Let Γ (Y, d, µ) be a finite-measure-preserving ergodic action as in Theorem 1 and assume that Γ has reinforced Banach property (T).
Then, any family of bounded degree graphs quasi-isometric to O Γ Y is an expander with respect to all Banach spaces of non-trivial type.
Generalisations. We remark that the notion of expanders (non-linear spectral gaps) has been extensively studied also in the case when X is a metric space (see, for instance, [13] , and references therein). Theorem 1 may also find applications in this context, because it remains true under very mild assumptions about space X, which are satisfied by large classes of metric spaces, notably CAT(0) spaces considered in [13] .
Previous work. Warped cones were introduced by J. Roe [19] as a construction connecting compact dynamical systems with large scale geometry. Drut˛u and Nowak [6] noticed that a particularly interesting case is when the system has a spectral gap, conjecturing that it may yield new counterexamples to the coarse Baum-Connes conjecture.
Following this direction, Nowak and the author [15] proved that for an action Γ Y with a spectral gap in L 2 (Y, µ; X), the warped cone O Γ Y does not embed coarsely into X. If in addition the measure is Ahlfors-regular and the action is Lipschitz, they showed that the X-distortion of levels tY ⊆ O Γ Y is logarithmic.
Subsequently, under similar assumptions, Vigolo [22] showed that for spectral gaps in L 2 (Y, µ; ℓ 2 ), levels tY are quasi-isometric to an expander (this implies the above results for X = ℓ 2 ) and that it is a sufficient and necessary condition.
Theorem 1 combines advantages of the main results of [15] and [22] : on one hand, it applies to all Banach spaces, and on the other, it gives a characterisation of expansion rather than a criterion for distortion or non-embeddability.
Methods. Our treatment is functional-analytic in flavour and, like [15] , utilises Poincaré inequalities rather than isoperimetric inequalities, which are best-suited for standard (Hilbert-space) expanders. However, it picks up some ideas from the measure-theoretic approach of [22] , notably the key idea of studying families of graphs quasi-isometric to a warped cone instead of the cone itself, which allows the language of graph theory.
Definitions and their equivalences
Definition 4 (J. Roe [19] ). Let (Y, d) be a compact geodesic metric space with an action of a finitely generated group Γ = S . The warped cone O Γ Y is the collection of metric spaces ({t} × Y ) t>0 (denoted (tY ) t>0 for brevity), where each set tY is equipped with the largest metric d Γ such that:
Note that the original definition [19] gives a metric on (0, ∞) × Y = t>0 tY , but all we need in this note is the family of levels tY . Also, the warped cone construction is invariant (up to Lipschitz equivalence, in particular quasi-isometry) under a change of the finite symmetric generating set S or the metric on Y within the Lipschitz equivalence class.
between metric spaces is a quasiisometry if there exist constants A ≥ 0 and C ≥ 1 such that:
for all x, y ∈ G, and such that x∈G B(f (x), A) = H, where B(h, A) denotes the ball of radius A around h.
is a Lipschitz equivalence (or simply bi-Lipschitz ) if one can take A = 0 above. Definition 5 applies respectively to families of maps (f i : G i → H i ) i∈I , where one requires the constants to be universal. Our index set I will typically be (0, ∞).
By replacing norm distances by metric distances, the following definition can be restated for a metric space X as well.
Definition 6. Let X be a Banach space.
• Let Γ (Y, µ) be a probability-measure-preserving action and L 2 (Y, µ; X) be the space of Bochner-measurable square-integrable 1 X-valued functions. The action Γ Y has a spectral gap in L 2 (Y, µ; X), if there exists a constant κ > 0 such that:
1 For a metric space X, square-integrability of f : Y → X means that f is at finite L 2 -distance from any (equivalently: every) continuous function, where the distance is given by d
• A family of finite graphs (G i ) i∈I with uniformly bounded vertex degrees and unbounded cardinalities is an expander with respect to X if there exists a constant η > 0 such that:
for any i ∈ I and any function f : G i → X, where x ∼ y means that there is an edge joining x and y.
For more on Banach-space expanders, consult [4, 9, 10, 12, 14] . Let us mention that if X is uniformly convex, then, by the main result of [6] , the spectral gap condition is equivalent to the following, in general stronger, statement: There is also the corresponding definition for expanders, where Markov operator comes from the adjacency matrix. We recall Definition 7 for the sake of a reader who is familiar with "Markov" definitions in the Hilbert-space case, but not with the above Banach-space-tailored definitions that we adopt respectively after Drut˛u-Nowak [6] , and Mendel-Naor and Lafforgue [9, 10, 12] , among others.
Some authors formulate the spectral gap and expansion condition using the following inequalities [15] (which require X to be a Banach space):
Note that these are equivalent to our inequalities because of the following simple observation.
Proof. The latter inequality follows from the triangle inequality since g 1 = g 2 = f and g = g 1 − g 2 . For the former observe that the projection onto constants
is a contraction from L 1 and hence also a contraction from L 2 , as our measure is probabilistic. Thus we know that the complement projection P 0 = Id −P onto L 2 0 (Y, µ; X) has norm at most 2. Consequently:
is Ahlfors-regular if there exist constants c, m > 0 and C ≥ 1 such that for any r ≤ diam Y and y ∈ Y we have:
Proof of Theorem 1
Given t > 0, pick a 1/t-separated set Z in Y and a respective measurable parti-
The following lemma is a version of the fact that a Rips complex is quasi-isometric to the ambient space. Note that we could as well define G as the 1-skeleton of a Rips complex for Z, but the above definition, differentiating between edges of type (1) and (2) Proof. Observe that for d Γ (tz, ty) ≤ n there exists a sequence of points z = x 0 , . . . , x 2n = y ∈ Y with td(x 2i , x 2i+1 ) ≤ 1 and sx 2i−1 = x 2i for some s ∈ S ∪ {1} (cf. [19, Proposition 1.6]). Denote by z i the unique z ∈ Z with x i ∈ U z . Now, the distance of z, y in G is bounded by:
For the other estimate it suffices to look at edges:
Observe also that the number of edges of type (2) emanating from z is bounded by the quotient sup y µ(B(y,4/t)) infy µ(B(y,1/2t)) ≤ C8 m (where constants C, m come from the Ahlfors regularity condition), because the disjoint sum of U y over d(y, z) ≤ 3/t (each of measure at least µ(B(y, 1/2t))) is contained in the ball B(z, 4/t). Similarly, for s ∈ S and z ∈ Z the number of edges y ∼ s z is bounded by
for L being the Lipschitz constant for the action of generators.
We are now ready for the proof.
Spectral gap =⇒ expansion. Now, we pick f ∈ L 2 (G; X) and compute:
If we extend f to a function constant on every U z , the last expression equals:
and this, by the spectral gap property, can be estimated as follows:
Expansion =⇒ spectral gap. Since the family (tY ) ⊆ O Γ Y is quasi-isometric to graphs (G(t)) t>0 by Lemma 10 and, by Lemma 12, being an expander is a quasiisometry invariant among bounded degree graphs, we know that the family (G(t)) t is an expander. It suffices to check the spectral gap condition on the dense subset C(Y, X).
2 du dv = 1 (if this integral equals 0, then f is constant and the inequality is trivially satisfied). We fix t sufficiently large (to be specified later), take Z and {U z } as before, and define g ∈ L 2 (Y ; X) by the equality g(U z ) = {f (z)}. Put ε 1 = ε 1 (t) = f − g ∞ . We have:
(where a c b means that a ≤ cb), which, by expansion, is bounded (up to the multiplicative constant η) by the following:
Note that by the uniform continuity of f we know that the value of
goes to zero when t goes to infinity, so the value of the second sum is less than Dε 2 2
and we can focus on the first. We obtain:
where
Please note a subtle point in the above argument -one can not bound
2 in line (3) by sUz ∩Uy f (z)−f (y) 2 du (like we did for the opposite estimate in lines (1) to (2)), because µ(sU z ∩ U y ) can be arbitrarily small. Consequently, we integrate over the whole sU z and pass from y ∈ U y to u ∈ sU z , which relies on continuity of the action as well as of the map f , and engages the bound D on vertex degrees. We have just obtained:
which, after passing to infinity with t, yields the spectral gap:
Remark 11. A few remarks are in order:
(1) In the proof of the first implication we did not use the Lipschitz condition in our Poincaré estimates. Hence, even without this assumption we still get a "weak expander", that is, an expander with potentially unbounded degree of vertices. (2) In the proof of the second implication, it suffices to assume that (G(t)) t∈T is an expander for some unbounded subset T ⊆ (0, ∞). (3) We also did not rely on the exponent p = 2, that is, Theorem 1 still holds for any exponent p ∈ [1, ∞).
Being an expander with respect to X does not depend on p by the result of Cheng [4] , generalising partial results of Mimura [14] , so we reach the following conclusion. and being quasi-isometric to a graph is equivalent to being quasi-geodesic, which makes our assumption inevitable. However, if we allow only edges of type (1) in our construction of G(t), then the equivalence of the expansion of this modified graph G ′ (t) and the spectral gap still holds, independently of the fact whether Y is geodesic. The graphs G ′ (t) were considered in [22] under the name of approximating graphs for the action, and the respective equivalence was obtained for X = ℓ 2 . Now Corollary 2 follows from Theorem 1.
Proof of Corollary 2. Let (Y, d, µ) be an Ahlfors-regular metric measure space with a Lipschitz ergodic action of a finitely generated group Γ with V. Lafforgues's reinforced Banach property (T) as in [10, 11] . Let (G(t)) t>0 be a family of graphs with uniformly bounded vertex degrees and quasi-isometric to O Γ Y , e.g. the family from Lemma 10. For any X of non-trivial type, also the Bochner space L 2 (Y, µ; X) has non-trivial type, equal to the type of X (see e.g. [5, Theorem 11.12] ). Consequently, the action has a spectral gap in L 2 (Y, µ; X). Now, by Theorem 1 and Lemma 12, the family (G(t)) t>0 is an expander with respect to X.
Coarse-invariance of metric-space expansion
The following result is well-known among experts, at least for Hilbert-space expanders. We include the proof for the reader's convenience.
Lemma 12. Expansion with respect to X is a quasi-isometry invariant of families of bounded degree graphs.
Proof. Let G = (G t ) and H = (H t ) be two families of graphs with degrees bounded by D < ∞ and i = (i t : G t → H t ) be a quasi-isometry. That is, there exist constants C, A, B < ∞ such that:
and for every h ∈ H t there exists g h ∈ G t with d(h, i(g h )) < B. Let us denote by K A the maximal size of a fibre of i, which is bounded by the maximal size of an A-ball in G, by K B the maximal size of a B-ball in H and by K C+A the maximal size of a (C + A)-ball in H. All three can be bounded in terms of D.
We will show that if G is an expander with respect to a metric space X and exponent p ∈ [1, ∞), then H is too. Due to the result of Cheng [4] , expansion does not depend on p if X is a Banach space, hence, for simplicity, we consider only p = 1, leaving the adjustments for p > 1 to the reader.
Let f : H t → X, we have:
If we denote a geodesic path from h to g h by (h l ) n l=0 (where n ≤ B depends on h), the second sum can be estimated as follows
On the other hand, if we denote the composition f • i by f ′ , for the first sum we have:
and -after denoting the path from i(g) to i(j) by (p gj l ) m l=0 with m ≤ C + A -we get:
Summarising, we have just proved the lemma:
Applications
Spectral gaps. There are many sources of actions with a spectral gap, to which Theorem 1 can be applied. Since [15, Section 4] and [22, Section 8] already provide a detailed discussion, our treatment here is concise.
• Any ergodic action Γ (Y, µ) of a property (T) group has a spectral gap in L 2 (Y, µ; R).
• Some elementary actions are known to have a spectral gap, e.g. SL 2 (Z) T 2 .
• For dense subgroups generated by "algebraic elements" in compact simple
Lie groups, the shift action on the ambient group has a spectral gap [1] [2] [3] .
• Spectral gap in L 2 (Y, µ; R) (as above) is equivalent to a spectral gap in L 2 (Y, µ; ℓ 2 ), and, more generally, to a spectral gap in L p (Y, µ; L p ) for any 1 < p < ∞ (see, for example, [15] ). Moreover, by the definition of uniformly curved spaces, it is equivalent to a spectral gap in L 2 (Y, µ; X) for such X [18] .
• Any ergodic action Γ (Y, µ) of a group with V. Lafforgue's reinforced Banach property (T), robust property (T), or property (T proj ) with respect to a class of Banach spaces E ∋ L 2 (Y, µ; X) (this is typically equivalent to E ∋ X) has a spectral gap in L 2 (Y, µ; X) [8-11, 16, 17, 20] .
• For some actions Γ Y spectral gap in L 2 (Y, µ; X) holds for X in a large class of Banach spaces, even though it is unknown whether Γ has some form of property (T) with respect to this class [7] .
Super-expanders. If an expander is obtained as a sequence of finite quotients Γ/Γ i of a (residually finite) group Γ, it is called a Margulis-type expander. When Γ has reinforced Banach property (T) of V. Lafforgue [9] [10] [11] , then its quotients Γ/Γ i are expanders with respect to all Banach spaces of non-trivial type.
Theorem 1 (or, more precisely, Corollary 2) extends this result from Margulistype expanders to any expanders obtained via the warped cone construction (under our assumptions). Namely, all such graphs are expanders with respect to Banach spaces of non-trivial type.
We also remark that by [21] the classical Margulis expanders Γ/Γ i can be obtained using the warped cone construction for Y = lim ← − Γ/Γ i (note that lim ← − Γ/Γ i is very far from the geodesic setting of the present work) and a particular sequence (t i ) ⊆ (0, ∞).
